A two{dimensional fractal lattice, herein referred to as the tetrahedral gasket, is used as a model for an exact two{dimensional real-space renormalization group calculation. It is shown that this Ising spin{system has exact solutions which includes a non{trivial phase transition even in the presence of a nite eld. The calculation also introduces a new analysis tool, the free energy surface plot, which gives further insight into the phase diagram of the spin{system. The discussion includes comments concerning the apparent preference of the system to maintain some nite entropy, even in the presence of an extremely large spin{spin coupling.
Introduction
A Real-Space Renormalization Group (RSRG) calculation is performed on the tetrahedral gasket 1]. Three levels of the tetrahedral gasket are shown in Figure 1 . It is fairly common to apply the RSRG to fractal geometries 2, 3, 4, 5, 6, 7] . The model presented herein is an extension to the Sierpinski gasket with fractal periodic boundary conditions 8] . The type of results that are expected from a RSRG analysis include a phase diagram and the characterization of the model's critical behavior 2, 3, 4, 9] , which along with the model's partition function, completely describe the thermodynamics of the system. The critical behavior of a system is well characterized by the location of critical points and the values of the critical exponents 10, 11] . The calculation technique contained herein is patterned after 12, 13, 14] .
The tetrahedral gasket has a (fractal) dimension of exactly two, and the RSRG calculation on the tetrahedral gasket is an exact calculation when both even and odd interactions are present. Thus, the tetrahedral gasket is a two-dimensional model with an exact solution in the presence of a nite eld. In this report, the geometry and dimensionality of the tetrahedral gasket are introduced, and the RSRG calculation is derived for the tetrahedral gasket. This derivation (of the RSRG cal- culation) includes the development of the Hamiltonians, partition functions and the (reduced) free energy. The results include a detailed analysis of the model's phase diagram and an introduction to the free energy surface plot. These surface plots evidently have features that correspond to attributes exhibited on the phase diagram. The critical behavior of the tetrahedral gasket is calculated, where the technique of linearizing near the critical point is used to calculate the model's critical exponents. The critical exponent is also calculated numerically from rst principles.
Geometry
This section provides an introduction to the geometry of the RSRG model and discusses the dimensionality of the tetrahedral gasket. The model presented is built as an extension to the Sierpinski gasket 3, 4, 8] . The motivation that led to the construction of the tetrahedral gasket from the base tetrahedron is attributable to the author's familiarity with the geometrical constructions of R. Buckminster Fuller 15] . In 16] , the tetrahedral gasket is referred to as a Sierpinski tetrahedron, while in 17], Mandelbrot calls this fractal lattice a fractal skewed web.
Dimensionality of the tetrahedral gasket
For the tetrahedral gasket, we start with a base tetrahedron. We remove an interior octahedron from this structure and are left with four tetrahedrons situated within the four corners of the original structure. The procedure is then repeated again on each of the four tetrahedrons to give sixteen tetrahedrons. The rst three levels of this procedure is shown in Figure 1 .
To calculate the dimension of an object, one can consider 18] how the area or volume changes with the length of the object's edges. Let b be the scaling factor and d the dimensionality. The relationship between the new volume V 0 and the original volume V is then given by:
When the length of all sides of a regular structure is doubled (b = 2), the relationship between the new volume and original volume is then
For the tetrahedral gasket, when the octahedral segment is removed from the tetrahedron, this could be viewed as adding three more tetrahedrons to our base one, in a sense doubling the length of the side of the original tetrahedron, except now it has a void in the middle. Thus, with V 0 gasket = 4 V gasket ;
the dimensionality of the tetrahedral gasket is d gasket = 2 :
Therefore the tetrahedral gasket is a full two-dimensional object. Apparently, the octahedral void of the tetrahedral gasket must account for four tetrahedral volumes.
Coordination numbers
The coordination number 19], i.e., the number of nearest-neighbor sites, is one method of characterizing a geometry. For the tetrahedral gasket, the interior nodes have a coordination number di erent from the nodes that occupy the four corners of the gasket (see Figure 2 ). But note that each corner node is shared between two separate con gurations (e.g., when constructing the next level of the gasket). When this sharing of nodes is taken into account, the e ective coordination number for all nodes of the tetrahedral gasket is six.
Renormalization group calculation
This section develops the RSRG calculations for the tetrahedral gasket. The Hamiltonian and associated recurrence relations are speci ed separately for the model with even interactions only, and then for the model with both even and odd interactions. An interesting feature of the tetrahedral gasket is that it has dimensionality of exactly two and exact recurrence relations can be calculated with both even and odd interactions. Although the critical point for the tetrahedral gasket is not calculated exactly (but rather found from numerical considerations), the partition functions for the tetrahedral gasket arrangement in Figure 2 and the decimated tetrahedron can be equated to provide exact recurrence relations. All calculations were performed using the Mathematica 20] programming environment.
The decimation procedure
Consider the arrangement in Figure 2 , which can be viewed as the state after the rst octahedral segment is removed from a base tetrahedron. The four tetrahedrons that were produced are the volumes enclosed by the following four sets of spins: f s1; s5; s6; s7 g; f s2; s6; s9; s10 g; f s3; s5; s8; s9 g; f s4; s7; s8; s10 g :
The octahedral void is enclosed by the six spins labeled with dots: fs5; s6; s7; s8; s9; s10g :
The decimation consists of summing over all con gurations of the six interior spins (s i = +1; ?1; 8i; 5 i 10), and allowing the exterior spins, fs1; s2; s3; s4g, to take on di erent con gurations. For each con guration of spins fs1; s2; s3; s4g, we equate the decimated system to the same con guration on a base tetrahedral system consisting only of four tetrahedral oriented spins. This decimation gives the renormalized couplings in terms of the original (or rather the previous) couplings. The functions that relate the renormalized couplings to the previous set are the recurrence relations. If, during the renormalization procedure, new types of couplings are not generated we say the group (of couplings) is closed. If the group of couplings is closed without any approximations or simpli cations to the geometry, we say the calculations are exact. The recurrence relations for the tetrahedral gasket are exact when either even, or both even and odd couplings are used.
Note: the decimation works on all levels. If we decimate each of the four tetrahedrons with octahedral voids (four of them) in the third level of the gasket (in Figure  1) , the second level gasket is produced. Applied again, the base tetrahedron results. The subtle assumption that is made when performing the RSRG calculations is that we start with a n th level gasket, with n 1, such that the renormalization can be performed as many times as needed to approach asymptotic values for the couplings.
Hamiltonian for even interactions
The details of the model are presented by specifying the couplings used in the Hamiltonian and by describing the development of the recurrence relations. For the system displayed in Figure 2 , we have the following type of (even) spin interactions: ? H = k (s1s5 + s1s6 + s1s7 + s5s6 + s5s7 + s6s7 + s2s6 + s2s9 + s2s10 +s6s9 + s6s10 + s9s10 + s3s5 + s3s8 + s3s9 + s5s8 + s5s9 +s8s9 + s4s7 + s4s8 + s4s10 + s7s8 + s7s10 + s8s10) + l (s1s8 + s1s9 + s1s10 + s2s5 + s2s7 + s2s8 + s4s6 +s4s5 + s4s9 + s3s7 + s3s10 + s3s6) + m (s1s5s6s7 + s2s6s9s10 + s3s5s8s9 + s4s7s8s10) : (3) Compare (3) to the Hamiltonian for the base tetrahedron (spins fs1; s2; s3; s4g only), which is given by ? H 0 = 2 k 0 0 + k 0 (s1s2 + s1s3 + s1s4 + s2s3 + s2s4 + s3s4) + m 0 (s1s2s3s4) : (4) The zero spin coupling, k 0 0 , contributes to the reduced free energy (see 12] and (14)). For the tetrahedral gasket, the outside spins in Figure 2 are shared between
The most popular approximation is a bond-moving method, the so{called Migdal-Kadano approximation ( 2, 12, 13] and references therein). 
The renormalization-group calculation requires that the partition function be preserved (Z N = Z N 0 ). Thus we equate (5) and (6) 
Now, calculate the recurrence relations between the interaction couplings given in (3) and (4), which give the functions: k 0 0 (k; l; m); k 0 (k; l; m); and m 0 (k; l; m) : (8) In order to describe completely the functions in (8) , consider the partial partition function, Z s1s2s3s4 , where the con guration of spins fs1; s2; s3; s4g replace their respective position in the partial partition function as shown in Table 1 . It can be veri ed (using (6)), that the following relations hold:
Z pppp = Z mmmm ; Z pppm = Z ppmp = Z pmpp = Z mppp = Z mmmp = Z mmpm = Z mpmm = Z pmmm ; Z ppmm = Z pmmp = Z mmpp = Z pmpm = Z mppm = Z mpmp : Therefore, out of 16 possible partition functions given by the evaluation of (6), only three are independent. These three equations represent the need for three couplings for the base tetrahedron. Evidently the second nearest-neighbor interaction parameter l does not get renormalized, since it does not appear in the Hamiltonian for the base tetrahedron. Thus, the l coupling has a constant value throughout the renormalization calculations. Evaluation of (6) (9) and solving (9), the functions in (8) 
Note that we now need values for the partial partition function, Z s1s2s3s4 (k; l; m).
These functions are derived by using (5) (12) Finally, use (12) in (10), to obtain the recurrence relations, shown in (8).
Phase diagram and free energy surface
The reduced free energy y per spin for the tetrahedral gasket is a function of the where N is the number of spins in the system. The decimation reduces the number of spins by a fourth. This factor is not two-fths since the corners of the tetrahedron are counted as one{half of a spin. Using (7), we expand out (13) , where N 0 is the number of spins on the decimated lattice, each contributing k 0 0 to the free energy.
Note that k 0 0 is a prefactor in (4), and Z 0 the partition function, (5), with the primed couplings used in the corresponding Hamiltonian. This last step corresponds to setting up for the next decimation by grouping four tetrahedrons (which resulted from the previous decimation) into a con guration as shown in Figure 2 . This, in essence, is the RSRG procedure, which yields a derivation of the free energy: 
which is summarized as:
where k i 0 is evaluated using (10a), and the variables k i ; m i are the couplings; which for i 1, are obtained using (10b) and (10c), respectively (for instance, k 1 in (15) is k 0 (k; l; m), the rst renormalized coupling; k 2 k 00 (k 0 ; l; m 0 ), is the second renormalized coupling, and k (0) is just k).
The recurrence relations, (8) , are used to track renormalization ows in the km{ plane. Basically, the ows track the renormalized couplings, k 0 , and m 0 , through as many steps as required. The ows can be generalized to produce a phase diagram of the models overall (renormalization) behavior. Flow calculations on the tetrahedral gasket were carried out for di erent values of second nearest{neighbor l-coupling.
Speci cally, ows for values of l ranging between l = ?0:1 and l = 0:1 were investigated. Two separate regions in the phase space are easily identi ed, these regions being separated by a separatrix (shown as a dashed line on the phase diagram). Flows on one side of the separatrix go to a sink, while ows on the other side of the separatrix all go to a subspace (which is shown as a solid line on the phase diagram). Once the ows get to the subspace, the ows have di ering behaviors based on the value of the l{coupling. When l > 0, the ows move out along the subspace towards increasing values of k. For l = 0, the ows remain stationary on the subspace for large enough initial values of the couplings. For the cases when l < 0, I nd that once the ows reach the subspace, they (i.e., the ows) progress along the subspace towards the critical point, eventually arriving at the sink.
A plot of the phase diagram for the case of l = 0:1 is shown in Figure 3 The reduced free energy per spin, (15) , can be used to calculate the free energy surface for a segment of the km{plane around the origin. A plot of this surface, using l = 0:1, is shown in Figure 4 . The free energy surface e ectively shows the value of the free energy, written as f s (k; l; m), at each point on the km{plane. The trough in quadrants I and IV of the free energy surface corresponds to the separatrix of the phase diagram. 
The eigenvectors are shown on Figure 5 along with the separatrix. Notice that one of the vectors points towards the region containing the attractive subspace, while the other vector is tangent to the separatrix at the critical point. The relevant 
and the relationship between k and T is given by scaling the coupling such that
Hamiltonian for odd interactions
In this section, (4) The Hamiltonian for the system in Figure 2 is derived in the same way as (3) ? H 0 = 2 k 0 0 + m 0 (s1s2s3s4) + k 0 (s1s2 + s1s3 + s1s4 + s2s3 + s2s4 + s3s4) + h 0 (1=2) (s1 + s2 + s3 + s4) + p 0 (s1s2s3 + s1s2s4 + s1s3s4 + s2s3s4) : (27) According the RSRG program, we desire the recurrence relations (cf. (8) 
Proceeding in a similar manner as when only even couplings were present, the equations (29) -(31) essentially give the solution to the recurrence relations, (28).
Comparison of (29) with (9) shows that when odd interactions are introduced, ve independent partial partition functions are obtained, as compared to three when only even interactions are considered. Note speci cally that Z pppp 6 = Z mmmm , and Z pppm 6 = Z mmmp , when odd interactions are present. 
Critical behavior
With the odd interactions present, the magnetic exponent, y H , can be obtained, e ectively giving the complete set of critical exponents for the tetrahedral gasket.
A direct numerical calculation of the magnetization (M = @f=@h) near the critical point is also considered. 
This technique is used in (18) for the system with even couplings to obtain the relevant eigenvalue from whence the thermal exponent was obtained. Linearizing (32) around the critical point, (17) 
which agrees fairly well with the theoretical value shown in (37).
Discussion
The tetrahedral gasket evidently is a full two-dimensional geometry with exact recurrence relations, even in the presence of a nite eld. The complete set of critical exponents ( , , , ) for the tetrahedral gasket have been calculated for the case when l = 0:1. The tetrahedral gasket has a single critical point, given by (17) , which is the point where the values of the critical exponents are evaluated using the eigenvalue method. A separate numerical calculation of the critical exponent gives a result in good agreement with the theoretical value given in (37a). The availability of a second even coupling, m, allows us to plot a free energy surface, which has features in common with the phase diagram. Speci cally, we are able to identify the separatrix on the free energy plot. Now note that this model is not as general as, say, a planar two-dimensional model, since only ferromagnetic order is possible for spins setup according to the tetrahedral gasket con guration. Consider the base tetrahedron (the corner spins of Figure 2 ), we easily see that if the system wanted to align antiferromagnetically, frustration would result after the rst two spins where aligned in opposite directions (e.g., if s1 = +1, and s2 = ?1, we nd that s3 can not align opposite to both s1 and s2).
We know from thermodynamics 11] that at equilibrium the system minimizes the Helmholtz free energy, but the reduced free energy introduces a change of sign. Therefore, over the manifold of states in our canonical ensemble the system will maximize the reduced free energy. Relating this fact (maximizing the free energy), to the ows that move out along the attractive subspace towards a larger value of f s (but only for l > 0), shows in e ect that this subspace represents an equilibrium state for the tetrahedral gasket. Recall, from (16) , that the even couplings are actually opposing each other, i.e., k ' ?m, on the attractive subspace. This leads to an obvious question:
Question: Why isn't the subspace oriented in such a way that the couplings cooperate (i.e., k = +m), or at least have the same sign?
Conjecture:
The system maintains a certain amount of entropy when the couplings have values that place them on the attractive subspace. When the k coupling is extremely large, and intuition would expect all the spins to align together (i.e., become completely ordered), the fact that the renormalization ow stays on the subspace suggests that this is an ordered state with a non-zero entropy.
The conjecture points out a desirable feature for a realistic model of a physical system (compare this to a model that does have a reachable zero entropy state). This setup, of opposing couplings (on the attractive subspace), suggests that if the tetrahedral gasket has some physical counterpart, then this system is of a physical nature that resists having all the \spins" of each local unit aligned.
It should be noted that the exponents indirectly depend on l and directly on the critical point given by (17) , which is the point about which the linearization (18) and (32) are taken. This critical point (for l = 0:1) was obtained numerically by running ow calculations at small increments across the separatrix to nd a point which did not ow quickly away from the separatrix. One extension to this work would be to nd the critical point analytically (for a general value of l). A further extension is a complete analysis of how the dynamics of the system change as the value of the second-neighbor interaction coupling, l, is varied. This has been studied 8] for the Sierpinski gasket with some interesting results, which include an analysis of how the critical point varies as a function of l, e ectively giving k (l).
